Matrix Inequalities for Convex Functions  by Mond, B. & Pečarić, J.E.
 .JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 209, 147]153 1997
ARTICLE NO. AY975353
Matrix Inequalities for Convex Functions
B. Mond
Department of Mathematics, La Trobe Uni¨ ersity, Bundoora, Victoria, 3083, Australia
and
J. E. PecaricÏ Â
Faculty of Textile Technology, Uni¨ ersity of Zagreb, Zagreb, Croatia, and Department of
Mathematics, La Trobe Uni¨ ersity, Bundoora, Victoria, 3083, Australia
Submitted by A. M. Fink
Received April 29, 1996
Many converses of Jensen's inequality for convex functions can be found in the
literature. Here we give matrix versions, with matrix weights, of these inequalities.
Some applications to the Hadamard product of matrices are also given. Q 1997
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1. INTRODUCTION
Converses of Jensen's inequality for convex functions were obtained in
w xpapers 1, 2, 5, 7, 9 . Here we give matrix versions, with matrix weights, of
these results. These, in turn, yield inequalities for Hadamard products of
matrices.
 . 2 w xThe following result for the convex function f t s t was given in 6 .
 .Let A j s 1, . . . , k be positive definite Hermitian matrices of order nj
w xwith eigenvalues in the interval m, M , and let U , j s 1, . . . , k, be r = nj
matrices such that k U UU s 1. Thenjs1 j j
2 2k k M y m .
U U2U A U y U A U F I. j j j j j j / 4js1 js1
 .Here we shall give a generalization of this result Theorem 4 as well as
some related results for convex functions.
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If A is an n = n Hermitian matrix, then there exists a unitary matrix U
such that
U w xA s U l , . . . , l U,1 n
w xwhere l , . . . , l is a diagonal matrix and the l are the eigenvalues of1 n i
 .A. f A is then defined by
Uf A s U f l , . . . , f l U. .  .  .1 n
A G B means A y B is positive semi-definite.
 .   .  ..   .  ..If F t s F f t , g t , we will write F f A , g A for the operator
 .  .F A , while the function F A, B denotes the matrix function of two
variables when it is well-defined.
2. RESULTS
 .THEOREM 1. Let A j s 1, . . . , k be Hermitian matrices of order n withj
w xeigen¨alues in the inter¨ al m, M , and let U , j s 1, . . . , k, be r = n matricesj
k U w xsuch that  U U s I. If f is a continuous con¨ex function on m, M ,js1 j j
then
k k
U UMI y U A U U A U y mI j j j j j jk
js1 js1UU f A U F f m q f M . .  . . j j j M y m M y mjs1
1 .
w xProof. For a real valued convex function, we have 10, pp. 1]2
M y z z y m
w xf z F f m q f M z g m , M . 2 .  .  .  . .
M y m M y m
w xUsing this inequality, as in 5 , we can obtain the matrix inequality
MI y A A y mIj j
f A F f m q f M , 3 .  .  . .j M y m M y m
 .where mI F A F MI j s 1, . . . , k . This inequality givesj
MU UU y U A UU U A UU y mU UUj j j j j j j j j jUU f A U F f m q f M 4 .  .  . .j j j M y m M y m
 .for j s 1, . . . , k. Summing over j gives 1 .
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THEOREM 2. Assume that the conditions of Theorem 1 are satisfied. Let J
w x  .be an inter¨ al such that J > f m, M . If F u, ¨ is a real ¨alued continuous
function defined on J = J and matrix increasing in its first ¨ariable, then
k k
U UF U f A U , f U A U . j j j j j j /js1 js1
M y x x y m
F max F f m q f M , f x I .  .  . 5M y m M y mw xxg m , M
s max F u f m q 1 y u f M , f u m q 1 y u M I. .  .  .  . . 5
w xug 0, 1
5 .
 .  .Proof. By 1 and the matrix monotone character of F ?, y , we have
k k
U UF U f A U , f U A U . j j j j j j /js1 js1
Ä ÄMI y A A y mI ÄF F f m q f M , f A , 6 .  .  . .
M y m M y m
Ä k Uwhere A s  U A U . Now, we again consider the inequalityjs1 j j j
M y x x y m
F f m q f M , f x F K , .  .  .
M y m M y m
where
M y x x y m
K s max F f m q f M , f x .  .  .
M y m M y mmFxFM
w xand, as in 8 , we can get the matrix inequality
Ä ÄMI y A A y mI ÄF f m q f M , f A F KI 7 .  .  . .
M y m M y m
Ä Ä  .  .  .for matrices A such that mI F A F MI. Now 6 and 7 give 5 . More-
 .over, the second form of the right side of 5 follows from the change of
 .  .  .variables u s M y x r M y m , so that x s u m q 1 y u M with 0 F u
F 1.
MOND AND PECARICÏ Â150
In the same way or, more simply, by replacing F by yF in the last
.theorem , we can prove the following:
THEOREM 2X. Under the same hypotheses as in Theorem 2, except that F is
matrix decreasing in its first ¨ariable, we ha¨e
k k
U UF U f A U , f U A U . j j j j j j /js1 js1
M y x x y m
G min F f m q f M , f x I .  .  . 5M y m M y mw xxg m , M
s min F u f m q 1 y u f m , f u m q 1 y u M I. 8 .  .  .  .  . . 5
w xug 0, 1
 .  . y1r2 y1r2By using the functions F u, ¨ s u y ¨ and F u, ¨ s ¨ u¨ which
w xare matrix increasing in their first ¨ariables, we can obtain, as in 8 , the
following consequences of Theorems 2 and 2X.
 .THEOREM 3. Let f x be a strictly con¨ex twice differentiable function on
w x  .J s m, M y` - m - M - ` , and let the conditions of Theorem 1 be
 .  .  .  .satisfied. Suppose that either i f x ) 0 for all x g J, or ii f x - 0 for
all x g J. Then
k k
U UU f A U F l f U A U 9 . . j j j j j j /js1 js1
 .  .  .holds for some l ) 1 in case i ; or, l g 0, 1 in case ii . More precisely, a
 .  .¨alue of l depending only on m, M, f for 9 may be determined as follows:
  .  ..  .Let m s f M y f m r M y m . If m s 0, let x s x be the unique solu-
X .  .  .  .tion of the equation f x s 0 m - x - M ; then, l s f m rf x suffices
 .  .for 9 . If m / 0, let x s x be the unique solution in m, M of the equation
m f x y f X x f m q m x y m s 0; 10 .  .  .  .  . .
X .  .then l s mrf x suffices for 9 .
THEOREM 4. Let the conditions of Theorem 1 be satisfied and let f be
differentiable and f X strictly increasing on J. Then
k k
U UU f A U F lI q f U A U 11 . . j j j j j j /js1 js1
 . X ..holds for some l satisfying 0 - l - M y m m y f m where m is de-
fined as in Theorem 3.
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 .More precisely, l may be determined for 11 as follows: let x s x be the
X .  .unique solution of the equation f x s m m - x - M , then
l s f m y f x q m x y m 12 .  .  .  .
 .suffices in 11 .
Ä p .We now consider the special case when f t s t , t ) 0. It is well known
Ä that f is con¨ex if either p - 0 or p ) 1, while it is conca¨e if 0 - p - 1 i.e.,
Ä .  .yf is con¨ex if 0 - p - 1 . Thus, 9 gi¨ es for p - 0 or p ) 1,
p
k k
U Up ÄU A U F l U A U , 13 . j j j j j j /js1 js1
where
ypp pg y g p g y g .Äl s , g s Mrm 14 .p 5p y 1 g y 1 1 y p g y 1 .  .  .  .
 .while for 0 - p - 1, we ha¨e the re¨erse inequality in 13 .
Similar consequences of Theorems 4 are, in the case p - 0 or p G 1,
p
k k
U Up ÄU A U F lI q U A U , 15 . j j j j j j /js1 js1
where
 .pr py1p p1 M y m
pÄl s m y  /p M y m
 .1r py1p p p pM y m 1 M y m
q y m , 16 . /M y m p M y m
 .where for 0 - p - 1, we ha¨e the re¨erse inequality in 15 .
3. INEQUALITIES FOR HADAMARD PRODUCTS
OF MATRICES
 .  . UIn 13 and 15 , let k s 1, and, instead of U , use J, the selection
matrix of order n2 = n with the property that
A(B s J t A m B J , .
where ( and m denote the Hadamard and Kronecker products, respec-
w xtively 4, 6 .
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 .Making use of the fact that for any integer n positive or negative
n n nA m B s A m B .
we have an application to the Hadamard product as follows.
Let p be a nonzero integer, A and B positive definite n = n matrices.
t  . U  .Then, with J , A m B , J substituted for U, A, U , we have, from 13 ,
ppp p t p p t tÄA (B s J A m B J s J A m B J F l J A m B J .  .  . .
pÄs l A(B .
or
pp p ÄA (B F l A(B , .
Ä  .where l is given by 14 and M and m are, respectively, the largest and
smallest eigenvalues of A m B.
Special cases include, for p s 2
2M q m . 22 2A (B F A(B , 17 .  .
4Mm
w xa result first given in 6 ; and, for p s y1,
2M q m . y1y1 y1A (B F A(B . 18 .  .
4Mm
 .Similarly, from 15 , we obtain for A, B positive definite Hermitian
n = n matrices, p a nonzero integer,
pp p ÄA (B F lI q A(B , .  .
Ä  .where l is given by 16 and M and m are, respectively, the largest and
smallest eigenvalues of A m B. Special cases include, for p s 2,
2M y m .22 2A (B y A(B F I 19 .  .
4
w xfirst given in 6 ; and, for p s y1,
2’ ’M y m .y1y1 y1A (B y A(B F I. 20 .  .
Mm
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We note that the eigenvalues of A m B are the n2 products of the
w xeigenvalues of A by the eigenvalues of B 3, p. 245 . Thus, if the
eigenvalues of A and B are, respectively, ordered by
a G a G ??? a ) 0; b G b G ??? G b ) 0,1 2 n 1 2 n
then in all previous results in this section, M s a b and m s a b .1 1 n n
 .  .Thus, 17 to 20 become
2
a b q a b .1 1 n n 2 X2 2A (B F A(B , 17 .  .
4a b a b1 1 n n
2
a b q a b .1 1 n n y1 Xy1 y1A (B F A(B , 18 .  .
4a b a b1 1 n n
2
a b y a b .1 1 n n2 X2 2A (B y A(B F I , 19 .  .
4
a b y a b’ ’1 1 n ny1 Xy1 y1A (B y A(B F I. 20 .  .
a b a b1 1 n n
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